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The many-body contributions to the interaction polarisability and hyper-
polarisability of He, (n=3,4,5), for various configurations and distances
have been determined and analysed. Several cases have been found where
the three-body terms contribute more than 20% to Aa or Ay of He,. The
remarkable dependence of the above interaction properties on the internuclear
distances and the shape of the cluster has been demonstrated. The interaction
hyperpolarisabilities are shown to be uniquely sensitive probes of the elec-
tronic structure changes induced by variation of the cluster configuration. The
results were computed by employing a computational procedure which relies
on an ab initio wave function, McWeeny’s et al. coupled Hartree-Fock
perturbation theory and an efficient algorithm for the determination of hyper-
polarisabilities starting from a non-orthogonal basis set. The function counter-
poise method has been used to reduce the basis set superposition error.
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1. Introduction

The polarisability, a, of atoms or molecules and the second hyperpolarisability,
v, determine the distortion of the species by electric fields [1]. Both properties
are essential for the understanding of the induced moments of atoms and
molecules, the determination and analysis of which is the major goal of our
studies. The second hyperpolarisability is associated with various processes (e.g.
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the Kerr effect, induced second harmonic generation, the third harmonic genera-
tion, four wave mixing [2]) and it has been instrumental in the understanding
of chemical reactivity, intermolecular forces, etc. [1]. Further, it provides a
stringent criterion to test the quality of a wave function and especially the
description of the outer regions of the charge cloud. Thus, the second hyper-
polarisability, due to its many applications and the fundamental interest it
presents, is the subject of intensive current research [2-5].

The objective of this communication is to report and analyse the interaction
polarisability, Aa, and hyperpolarisability, Ay, of some helium clusters He,
(n=3,4,5) and in particular to discuss the many-body contributions to these
(that is the two-, three-, four-, and five-body terms) and their dependence on
geometry elements (form of the cluster and internuclear distances). The helium
clusters have often been considered as a prototype system for the study of
many-body effects [6-8]. More specifically we consider:

(a) The two- and three-body contributions to Ae and Ay of He; and the variation
of these terms with interatomic distance (Fig. 1). The change of the above
contributions with the angle ® (Fig. 1) is also discussed.

(b) The effect of basis set variation on the two- and three-body contributions to
Aca and Ay of He,. This effect is also examined as a function of the internuclear
distance.

(¢) The various many-body contributions to Aa and Ay of He, (n=4,5). It is
added that for He, we employ two configurations (linear and tetrahedral) and
each of these is examined by using two interatomic distances (4.0 and 6.0 a.u.).

(d) The effect of increasing the number of atoms in helium clusters on Aa
and Ay.
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Fig. 1. Configurations of He, and the definition of R,, R, and the angle ®



Interaction polarisability and hyperpolarisability of He,, 55

The many-body contributions to the total interaction energy of clusters have been
the subject of several theoretical studies [6, 8, 9], because these effects are likely
to be significant in the study of properties of all states of matter. For example
the three-body potential has been suggested to be of importance in determining
the properties of rare gas solids [6b, 10]. [11] reports several reviews which discuss
the importance of the many-body effects. However, the information concerning
the many-body contributions to the electric properties (both linear and non-linear)
of clusters is very limited. The results reported here are complementary to previous
studies of many-body effects and they are considered as a starting point for more
refined calculations.

The computation of the polarisability and hyperpolarisability components [12]
has been performed using an ab initio wave function [4] and McWeeny’s et al.
[13] coupled Hartree-Fock perturbation theory. The function counterpoise
approach has been used to reduce the basis set superposition error [8, 14].

2. Method
The properties have been computed by employing a method which relies on:

(a) An ab initio wave function determined by using a modified version of
POLYATOM II (QCPE 238 and [4]).

(b) McWeeny’s et al. coupled Hartree-Fock perturbation theory [13].

(¢) An algorithm for the efficient determination of hyperpolarisability com-
ponents starting from a non-orthogonal basis set [4].

(d) The function counterpoise method [14]. This procedure reduces [15] the
basis set superposition error (BSSE), which results from the effective expansion
of the size of the basis set when the atoms interact [16]. It is noted that although
the function counterpaise method [14] is considered to be helpful [16], there is
still some controversy connected with it [16,17]. In this work we employ a
generalization of the Boys and Bernardi approach [14], introduced by Wells and
Wilson [8] for the case of many-body clusters. This generalization is called by
the authors [8] the “site-site function counterpoise” (SSFC) method. The total
interaction property, AP, is given by:

AP=%§’ Rj+%ij2k' P+ -+
where P;, Py ...in the SSFC approximation are given by [8]:
P;=P(ijGum...)— P(iGyy...) — P(jGy. . .)
-Pijk =P(ijkGImn- . -)—Pij—ij—Pkl
= P(iGyy...)~ P(jGu...)— P(kGy. ..)
Gijk . . .is a “ghost” center [5, 18].

For completeness we note that G;. . . practically means that in the computations,
we use the full set of orbitals which correspond to atoms i, j. .. while the nuclear
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charge and the number of electrons which belong to i, j. .. have been set to zero.
It is noted that in most cases the BSSE has a considerable effect. Thus for example
for He, (R=4.0a.u., Fig. 5) the corrected for BSSE and the non corrected Ay
values are —22.6 a.u. and —45.8 a.u. respectively.

(e) Abasis set optimised with respect to the polarisability and hyperpolarisability
of He. Extensive experimentation, involving several standard basis sets, extension
with polarisation functions and a wide variety of exponents has been performed.
The primary aim was to derive basis sets which should be compact (thus computa-
tionally, relatively, economic) and which would allow the physically correct
description of the interaction properties (which are of interest in this work).
Analysis of the calculations led to the following choice for the basis set [5]:

31G[19]+ p(0.59)p(0.1)d (0.1)

The computed polarisability and hyperpolarisability values, using this basis set,
together with the experimentally determined ones, are presented in Table 1. The
experimental y values with respect to which the optimization has been carried
out is 53.6 a.u. [20], because this value is considered accurate to better than +10%
[21]. Other experimental values are also given in Table 1. For completeness it is
added that there are several high quality theoretical results for the second
hyperpolarisability of He [22-24]. '

It has been shown that employing the above basis set, the determined Aa(R) of
He,[5] is in reasonably good agreement with other theoretical results and in
particular those determined by the spectral model of Proffitt, Keto and
Frommbhold, which are expected to approximate Aa(R) of He, to within +20%,
on average for 3.6 a.u. < R <5.0 a.u. [25a]. These observations allow some optim-
ism concerning the adequacy of the employed wave function to approximate the
interaction properties of the considered helium clusters.

The effect of changes in the basis set (and the exponents in particular) on « and
v of He together with the resulting changes in AP (P in the present work stands
for either a or y) of He, has been commented on in [5].

Table 1. The polarisability and second hyperpolarisability of He by employing
the basis set: 31G[16]+ p(0.59)p(0.1)d (0.1)

afa.u.)? y(a.u.)?
Calculated Experimental Calculated Experimental
1.26{5] 1.38[26] 52.3{5] 53.6+4{20]

453[211°
51.6+7.9[27]

21 a.u. of polarisability =~0.148176x 1072* esu =0.164867 x 10™*° C*m?J".
lau. of second hyperpolarisability =0.503717x107*° esu =0.623597 x
107 C*m*J3

® This value is associated with an estimated factor-of-three uncertainty [21]
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It is demonstrated (Table 2) that AP; and AP;,; of He; have a remarkable
dependence on the basis set. Further, this dependence is a function of the distance
between the interacting atoms.

The polarisability and hyperpolarisability components for the linear clusters,
obey the following relationships:

Uy = @,
Yoooex = Vyyyy = 3 Yaoxyys

Yxxzz = Vyyzzs

where the cluster lies on the z axis. The same symmetry relationships are also
obeyed for He;, when the nuclei are placed at the corners of an equilateral triangle.

For the tetrahedral cluster (T, symmetry group), we have:
Qyx = ayy =y,
Vaxxx = ’Yyyyy = Yzzzzs

Yxxyy = VYxxzz = Vyyzz+

Thus for the linear (D,,) and the tetrahedral (T;) clusters we have determined
3 and 2 hyperpolarisability components, respectively. For the remaining configur-
ations all 6 components of y were calculated, and in all cases the average property
values were given by [12]. All the polarisability and hyperpolarisability com-
ponents employed in this study are available on request.

The convergence criteria adopted for the self-consistent computation of the
density matrices [13] are:

[*Rj—*"R}|<107°

for every ijth element of the nth order correction to the density matrix, kR?j, at
the kth cycle. The SCF was performed wholly in double precision as were the
calculations of all sums and inner products for the perturbed density matrices.
However, the intermediate results occurring in the latter case were stored in single
precision.

Table 2. The effect of the basis set variation on some properties of He,"

Basis set R alZ(: a3 = ay) Q33 Y2k = Y13 = Ya3) Y123

ac 45 —-0.016 0.003 —3.990 1.410
6.5 0.0¢ 0.0¢ —0.413 0.009

B 45 —0.015 0.003 -3.070 1.262
6.5 0.0¢ 0.0¢ —-0.238 0.006

* The results are in atomic units

® The nuclei of He, form an equilateral triangle of side R (Fig. 1a)

©31G[19]+ p(0.59)p(0.1)d (0.1)

4 The property value is approximated to 0.0 because its absolute value is less than 1073
©31G[19]+ p(0.8)p(0.09)d(0.15)
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The properties are reported in atomic units. Conversion factors to other units
are given in footnote a of Table 1.

The calculations presented here were performed on a 32-bit computer (3240
Perkin-Elmer) with a 2-Mbyte core.

3. Results and discussion

From the results of Table 3 we observe that the contribution of P,,; to AP for
He; (Fig. 1¢) is rather small, except at 6.0 a.u., where a,,; contributes 20.2% to
|Aal.

We have taken He, as a model system and considered in detail how Ay, v;2, ¥i3
and vy,,; vary as a function of R, or R, (Fig. 1a). It is observed (Fig. 2) that as
R, increases, Ay, v,2, Y13 tend to zero from negative values, while y,,; from
positive. It is also seen that the variation of vy,; is not affected (to a good
approximation) by increasing the distance of He, from He, and He;. This shows

Table 3. The interaction polarisabilities and hyperpolarisabilities, as well as the various contributions
to them of He, (n=3,4,5). The results are in atomic units

Species Interaction R? Interaction R?
polaris- hyperpolar-
abilities 4.0 6.0 isabilities 4.0 6.0
He? Say —0.066 —0.001 Sy, —14.462 -1.792
s —0.002 0.0° Vi3 -0.222 0.032
Aa —0.068 -0.001 Ay —14.684 -1.760
Hed oy —0.10 ~0.002 vy —22.215 -2.742
Sag 0.001 0.0° = Vi —0.355 0.071
@234 0.0° 0.0 Vio3a —-0.074 0.002
Ao —-0.099 —0.002 Ay —22.644 —2.669
Hej Sey; -0.221 -0.005 Sy —-35.179 —-4.124
Say 0.047 0.0° Sy 13.832 0.178
PR —0.004 0.0° Yize ~1.749 ~0.001
Aa -0.178 -0.005 Ay —23.096 —3.947
He! Say —0.138 vy —29.737
Say 0.002 Yk —0.677
S 0.001 Y —0.233
Q12345 0.0° Y12345 0.150
Aa -0.135 Ay -30.497

2 In the linear clusters, R is the distance between two successive helium atoms (Figs. 1c and 5), while
in the tetrahedral cluster, R is the distance of two helium atoms lying on a diagonal of the faces of
the cube (Fig. 6)

b Linear cluster, Fig. 1¢

°The property value is approximated to 0.0 because its absolute value is less than 1073

9 Linear cluster, Fig. 5

¢ Tetrahedral cluster, Fig. 6

! Linear cluster, Fig. 5
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how a two-body interaction is affected by a third body (Fig. 2). The change of
Avy, v1, and 7y,,3 With R, (R, being kept constant) obeys the above defined trends
(Fig. 3). Furthermore, it is observed again that a two-body interaction is not
practically affected by changing the distance of a third body (Fig. 3). It is noted
that this remark is verified by the results of Fig. 4.

The above defined trends for the variation of Ay, v;,, v;5 and v,,; as a function
of R, or R, are followed by the change of Aw, a,,, a5 and a,,; of He; as a
function of either at the above distances or the angle ©.
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Fig. 2. Variation of Ay, v,,, ¥,3 and ¥,,; of He; with R,
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Fig. 3. Variation of Ay, vy,,, ;5 and v,,; of He; with R,

Table 3 shows that the contribution of % Py to AP for He, (linear, Fig. 5), similar
to He,, is very small, except for Zay,, at 6.0 a.u., where its contribution to |[Ac|
is 31.3%. In the other cases the contribution of |£P;| to |AP| is more than an
order of magnitude greater than that of |APy/|. The four-body contribution to
both Aa and Avy is negligibly small (Table 3).

It is seen (Table 3) that Xy, of He, (tetrahedral, Fig. 6) has a remarkable
contribution to |Ay|, at 4.0 a.u. (59.9%). Similarly a high contribution to |Aa| of
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He, (tetrahedral, 4.0 a.u.) is also made by Za; (26.2% ). A noticeable contribution
(7.6%) is also made by ¥4 (at 4.0a.u.). Further it is seen that |P;|>|AP|
(Table 3).

We observe that |AP| is larger in the tetrahedral cluster, than in the linear, as
one could have expected, due to all interactions being nearest neighbour in the
former configuration. The difference is more pronounced in Aa than Ay, which
is unexpected as generally y is by far the more sensitive property (Table 3). In
particular we note the difference in magnitude and sometimes in sign, which is
observed in the two- three- and four-body contributions to Aa and Ay for the
two configurations (linear and tetrahedral). This emphasizes the need for a
detailed study of the many-body effects on the electric linearities and non-
linearities of clusters.

He He He He
1 2 3 4
He He He He He

Fig. 5. The linear He, and He; clusters 1 2 3 4 5
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He

Fig. 6. The tetrahedral cluster He,

The major contribution to AP of Hes (Fig. 6) comes from XP; (Table 3). The
other terms contribute very little to AP and this contribution becomes less, in
percentage terms as m increases (where m refers to the m-body term).

From the present rather limited number of data (Table 4), it is seen that on
increasing the number of helium atoms in the linear cluster, the quantity |AP,,, —
AP,| passes through a maximum (the exact meaning of this difference is given
in footnote b of Table 4).

It is also observed (Table 4) that if we consider the linear cluster He, as n—1
interacting dimers (we only take into account the dimers formed by successive
helium atoms), then the approximated interaction polarisability, Aa’ (footnote
¢ of Table 4) has an average difference, with respect to Aa, of 7.1%. The
approximated interaction hyperpolarisability, Ay’, has an average difference, with
respect to Ay, of 9.7%. It is noted that the individual differences in Ay’ (7.7%,
10.3% and 11.2%) tend to increase with n (where n is the number of helium
atoms). The results of Table 5 show that, in general, the absolute value of the
average n-body contribution to Aa of He, reduces with n (one exception has
been observed).

Table 4. The effect of increasing the number of atoms in helium clusters® on Aa and Ay

Linear Aa Aa,, —Aa,” Aa” Ay Ay, =AY Ay

cluster

He, —0.037 [5] —6.773 [5]
—0.031 —7.910

He, —0.068 —0.074(8.8%)¢ —14.683 ~13.546(7.7%)*
—0.035 —-7.961

He, —-0.103 —0.111(7.8%)¢ —22.644 ~20.320(10.3% )¢
—0.033 —7.853

He; —0.136 —0.148(8.8% ) —30.497 —27.093(11.2% )¢

2 Footnote a of Table 3. In this case R=4.0a.u.

> The difference AP,,, —AP, is defined by subtracting the interaction property which corresponds
to He,, from that of He, .,

¢AP'(Aa’ or Ay') of He,, is formed by multiplying AP of He, with n—1

9 The percents in parentheses denote the error of AP’ with respect to AP
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4. Concluding remarks

The choice of the right basis set for polarisability and in particular hyperpolaris-
ability calculations is of crucial importance. Our experience which relies on a
large number of computations shows that a basis set optimized with respect to
a and y of a model compound is a reasonable choice for computations (of these
properties) on other similar systems. Thus we have optimized the basis set (with
which we have performed the computations for He,) with respect to the experi-
mental & and vy of He. Further it has been demonstrated [5] that this basis set
has given Aa of He, in reasonably good agreement with the best reported results.
This point combined with the fact that the leading contribution to Aa comes
from the sum of the two-body terms, indicates that A« for He,, (n=3,4,5)isin
general well represented (at the Hartree-Fock level of approximation).

The above observations and indications allow some optimism concerning the
quality of the hyperpolarisability results, although their accuracy is more hard
to appraise. However, the pair Aa and Ay, through their similarities and differen-
ces establishes certain general trends concerning the change of polarisation
properties of He, with various parameters (e.g. geometry and size of cluster).
Specifically the present calculations have shown:

(a) |Aa| decreases much more rapidly than |Ay| with increasing internuclear
distance.

(b) In all the considered cases the main contribution to Aa and Ay is from the
sum of the two-body terms.

(c) There are some cases (and most notably in the tetrahedral cluster) where the
three-body terms have a large contribution.

(d) 2P;> 2Py >2Py.

(e) The term 7,534, in the tetrahedral cluster (at 4.0 a.u.), makes a relatively large
contribution. This observation underlines the necessity for a careful study of the
n-body terms (where n>>3), as a function of size and configuration, because in
medium (and even more in large) clusters these terms are likely to have a
considerable contribution, especially in favourable configurations (like the
tetrahedron).

The present work may be considered as a pilot study, which tries to answer the
question: Do the many-body terms contribute significantly to Aa or Ay of small
or medium size clusters? The present results involve several examples where the
three-body terms contribute significantly (>20%) to Aa or Ay of He, and
therefore their automatic neglect should be avoided (unless there are arguments
to support such a choice). Further the remarkable- dependence of the relative
contribution of these terms to Aa or Ay on the internuclear distance and the
shape of the cluster has been shown. We believe that these findings are interesting
enough to suggest a further, more extensive and refined, study on the efficient
and economic ways to determine the.polarisability and hyperpolarisability (which
as fundamental constants provide valuable information about the electronic
structure [1]) of clusters.
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The structure and properties of small elemental clusters (and in particular their
variation with cluster size) present great interest (they have been used as models
for catalysis, chemisorption etc.) [25b]. The present work illuminates certain
aspects of their induced moments, which besides their fundamental interest, are
of importance because they modify the energy (and sometimes considerably) and
therefore affect the stability of those clusters.
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